Сферические решения уравнения для частицы со спином 3/2 by A. Ivashkevich V. et al.
282 Doklady of the National Academy of Sciences of Belarus, 2019, vol. 63, no. 3, pp. 282–290
ISSN 1561-8323 (Print)
ISSN 2524-2431 (Online)
UDC 539.12  Received 22.04.2019
https://doi.org/10.29235/1561-8323-2019-63-3-282-290 Поступило в редакцию 22.04.2019
Alina V. Ivashkevich1, Еlena M. Ovsiyuk1, Vasily V. Kisel2, Viktor M. Red’kov3
1Mozyr State Pedagogical University named after I. P. Shamyakin, Mozyr, Republic of Belarus 
2Belarusian State University of Informatics and Radioelectronics, Minsk, Republic of Belarus 
3B. I. Stepanov Institute of Physics of the National Academy of Sciences of Belarus, Minsk, Republic of Belarus
SPHERICAL SOLUTIONS OF THE WAVE EQUATION FOR A SPIN 3/2 PARTICLE
(Communicated by Corresponding Member Lev M. Tomilchik)
Abstract. The wave equation for a spin 3/2 particle, described by 16-component vector-bispinor, is investigated in spher-
ical coordinates. In the frame of the Pauli–Fierz approach, the complete equation is split into the main equation and two addi-
tional constraints, algebraic and differential. The solutions are constructed, on which 4 operators are diagonalized: energy, 
square and third projection of the total angular momentum, and spatial reflection, these correspond to quantum numbers 
{ }.j m Pε, , ,    After separating the variables, we have derived the radial system of 8 first-order equations and 4 additional con-
straints. Solutions of the radial equations are constructed as linear combinations of the Bessel functions. With the use of the 
known properties of the Bessel functions, the system of differential equations is transformed to the form of purely algebraic 
equations with respect to three quantities  1 2 3.a a a, ,   Its solutions may be chosen in various ways by solving the simple linear 
equation 1 1 2 2 3 3 0,A a A a A a+ + =   where the coefficients iA   are expressed trough the quantum numbers .jε,   Two most simple 
and symmetric solutions have been chosen. Thus, at fixed quantum numbers { }j m Pε, , ,   there exists double-degeneration 
of the quantum states. 
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СФЕРИЧЕСКИЕ РЕШЕНИЯ УРАВНЕНИЯ ДЛЯ ЧАСТИЦЫ СО СПИНОМ 3/2
(Представлено членом-корреспондентом Л. М. Томильчиком)
Аннотация. Волновое уравнение для частицы со спином 3/2, описываемой 16-компонентным вектор-биспи но-
ром, исследовано в сферической системе координат. В рамках подхода Паули–Фирца уравнение разбивается на 
основное и два дополнительных, алгебраическое и дифференциальное. Строятся решения, на которых диагона ли-
зируются четыре оператора: энергии, квадрата и третьей проекции полного момента, пространственного отра жения, 
им соответствуют квантовые числа { }.j m Pε, , ,  После проведения разделения переменных выведена основная 
система из 8 зацепляющихся радиальных дифференциальных уравнений 1-го порядка и 4 условия связи: 2 алгеб раи-
ческих и 2 дифференциальных. Основная система приводится к виду 4 раздельных уравнений 2-го порядка, решения 
которых строятся в функциях Бесселя. С использованием свойств функций Бесселя вся система радиальных урав-
нений для частицы со спином 3/2 приведена к одному алгебраическому линейному уравнению 1 1 2 2 3 3 0A a A a A a+ + =  
относительно величин 1 2 3,a a a, ,  в котором коэффициенты iA  выражаются через квантовые числа .jε,  Выбраны наи-
более симметричные решения, которые определяют два решения при фиксированных квантовых числах { }.j m Pε, , ,  
Ключевые слова: частица со спином 3/2, степени свободы, сферическая симметрия, точные решения, функции 
Бесселя, вырождение квантовых состояний 
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The basic wave equation and spherical symmetry. The theory of spin 3/2 particle is attracted 
steady interest after the seminal investigation by Pauli and Fierz – see [1–15]. let us recall the most sig-
nificant aspect of spin 3/2 particle theory. First of all, it is the problem of choosing an initial system 
of equations. The most consistent is an approach based on lagrangian formalism and a correct first or-
der equation for multi-component wave function which are based on the general theory of 1st order rela-
tivistic wave equations. However investigations are based on the use of 2nd order equations. Such 
a choice is of prime importance when we take into account the presence of external electromagnetic (or 
gravitational) fields. Applying the first order approach ensures correct solving the problem of indepen-
dent degrees of freedom in presence of external fields; for instance see in [16]. The great attention was 
given to existence in this theory of solutions which correspond to a particle moving with velocity greater 
than the light velocity. Finally a separate interest has a massless case for spin 3/2 field, when – as shown 
by Pauli and Fierz – there exists specific gauge symmetry: the 4-gradient of arbitrary bispinor function 
provides us with solution for the massless field equation, for instance, see in [16].
In the present paper we examine the problem of degree of freedom for a massive spin 3/2 particle 
specified for solutions with spherical symmetry. For simplicity we restrict ourselves to Minkowski 
space-time model. The wave equation for such a particle in absence of external fields may be presented 
as a set of a main equation and two additional constraints (we assume the use of the tetrad formalism, 
see [16]) 
 [ ( )( ( )) ] ( ) 0i x x m xβ β β αγ ∇ + Γ − Ψ = , 
 ( ) ( ) 0 ( ( )) ( ) 0,x x x xα αα α αγ Ψ = , ∇ + Γ Ψ =  (1)
the wave function ( )xαΨ  behaves as a bispinor with respect to tetrad transformations, and as a generally 
covariant vector with respect to coordinate transformations; we use the notations [16]: 
 ( )( ) ( )
1( ) ( ) ( ) ( ) ( )
2 4




m x e x x e eβ β ββ α β
γ γ − γ γ
= , γ = γ , Γ = σ ∇ , σ = .

Below, it will be convenient to use the wave function with tetrad-vector index, ( ),l xΨ  it relates to the 
previous function ( )xαΨ  in accordance with the rule
 ( )( )( ) ( ) ( ) ( ) ( ) ( )
l
l llx e x x x e x x
β
β β βΨ = Ψ , Ψ = Ψ .
Correspondingly, the system of equations (1) takes the form (for shortness, in the main equation we 
omit vector indices in the wave function)
 [ ( )( ( )) ] ( ) 0i x B x m xα α αγ ∂ + − Ψ = , 
 ( ) ( ) ( )( ) 0 [ ( ) ( ) ( )] ( ) 0l l l ll lx e e x e x x xα α αα αγ Ψ = , ∂ + + Γ Ψ = , (2)
where 
 ( )( )
1( ) ( ) ( ) ( )
2
l lab a bl b al ab
bk k k k aj g g L x j e e
β
α α β= δ − δ , = ∇ ,
 ( ) ( ) ( )ab ab abJ I I j B x x I I L xα α α= σ ⊗ + ⊗ , = Γ ⊗ + ⊗ .
We will specify equations (2) in spherical coordinates 
 2 2 2 2 2 2 2( ) ( sin )x t r dS dt dr r d dα = , , θ, φ , = − − θ + θ φ ,
the main equation takes the form 
 






i i m t r
r r
θ,φ
 γ ⊗ − γ ⊗ γ ∂ + γ ∂ + + Σ − Ψ , , θ, φ = , 
  
where the angular operator θ,φΣ  is determined by the formula 
 
12 12
1 2 ( )cos
sin
i i I I ij
i φθ,φ θ
∂ + σ ⊗ + ⊗ θ
Σ = γ ∂ + γ .
θ
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Searching solutions in the form of spherical waves, we are to diagonalize operators of the square and 
third projection of the total angular momentum. In Cartesian basis, the components of the total angular 
momentum are defined as follows 




02i i i i i
S I I T T= Σ ⊗ + ⊗ , =
τ
where symbol ⊗ stands for a direct product of the matrices. operators iJ  in spherical tetrad basis are 
given by the formulas [17] 
 1 1 3 2 2 3 3 3
sin cos
sin sin
J l S J l S J l i
φ φ ∂
= + , = + , = = − .
θ θ ∂φ
The components of the wave function may be listed with the help of bispinor index A and 4-vector index ( )l : 
 
1(0) 1(1) 1(2) 1(3)
2(0) 2(1) 2(2) 2(3)
( )
3(0) 3(1) 3(2) 3(3)
4(0) 4(1) 4(2) 4(3)
A l
Ψ Ψ Ψ Ψ
Ψ Ψ Ψ Ψ
Ψ = .
Ψ Ψ Ψ Ψ
Ψ Ψ Ψ Ψ
It is convenient to use so called cyclic basis in which the generator 12ij  becomes diagonal. The need-






1 0 0 0 1 0 0 0
0 1 2 2 0 0 1 2 0 1 2
0 0 0 1 0 2 0 2





Ψ ΨΨ Ψ− / / − / /
= , = .
Ψ ΨΨ Ψ− / − /





In cyclic basis we have the diagonal form for 3S : 
 3
1 0 0 0 0 0 0 0
0 1 0 0 0 1 0 01
0 0 1 0 0 0 0 02








In cyclic basis, the above equations (2) read 
 [ ( )( ( ) ( )) ] 0i x x I I x mLα α α αγ ∂ + Γ ⊗ + ⊗ − Ψ = ,  
 1( ) ( ) ( ) 0l ll lk kx U x
−γ Ψ = γ = ,Ψ
 ( ) ( ) ( ) 1[ ( ) ( ) ( ) ( )]( ) ( ) 0l l l lk ke x e x e x x U xα α α −α α∂ + + Γ Ψ = . 
In cyclic basis the main equation takes the form (let 
1
r
Ψ = Φ  )
 
1 2
0 3 2 1 1 ( ) 0r T Ti m r
r r θ,φ
 γ ⊗ − γ ⊗










= γ ∂ + γ .Σ θ


Separating the variables. The general substitution for spherical solutions with quantum numbers 
j m,  has the structure (for more details see [17])
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0 1 2 3
0 1 2 1 3 2 2 1 2 3 1 2
0 1 2 3
0 1 2 1 1 2 2 1 2 3 3 2
i i i i
l
i i i i
f D f D f D f D
g D g D g D g D
− / − / − / + /
+ / − / + / + /
δ + δ + δ + δ
= ,ξ
δ + δ + δ + δ

we take into account that vector-bispinor consists of two vector-spinors, ,ll, ηξ   the second vector-spinor 
iη  has the similar structure but with other radial functions 
 ( ) ( ) ( ) ( )i i i if r h r g r r⇒ , ⇒ ν .
Symbol Dσ stands for Wigner D-functions: ( 0) 3 2 1 2 1 2 3 2jmD Dσ − ,σ= φ, θ, , σ = − / , − / , + / , + / .  Diag-
onalization of the spatial reflection operator leads to additional restrictions 
 0 0 1 3 2 2 3 1f f f fν = δ , ν = δ , ν = δ , ν = δ ,
 0 0 1 3 2 2 3 1h g h g h g h g= δ , = δ , = δ , = δ ,
where 1δ = +  corresponds to the parity 1( 1) jP += −  and 1δ = −  corresponds to ( 1) .jP = −  
After rather laborious calculation on separating the variables, we arrive at 8 first-order equations for 
states with parity 1( 1) j+− : 
 0 0 0 0
d a d a
i g m i f i f m i g
dr r dr r
       ε − = + , ε + = − ,       
       
 
 3 3 1 1 1 3
d b d b
i g i f m f i f i g m g
dr r dr r
   ε − − = , ε + + = ,   
   
 
 3 2 3 1 1 2 1 3
2 2d b d b
i f i g i g m g i g i f i f m f
dr r r dr r r
   ε + + + = , ε − − − = ,   
   
 
 2 3 2 2 1 2
2 2d a d a
i g i f m i f i f i g m i g
dr r r dr r r
       ε − = + + + , ε + = − + − ;       
       
 (3)
where 1 2 ( 1 2)( 3 2) 1 / 2, 3 2 5 2 ;a j b j j j= + / , = − / + / , = / , / , ...  to obtain similar equations for states 
with parity ( 1) j−  it suffices to make formal change m to .m−  
The above additional constraints lead to equations (they are the same for both values of parity) 
 1 2 0 3 2 0
1 1
( ) ( );
2 2
g f f f g g= + , = −
 0 2 1 1 3
1 1 ( )
2
d
i f f g b f a f
dr r r
 − ε − + = + + , 
 
 
 0 2 3 3 1
1 1 ( )
2
d
i g g f b g a g
dr r r
 − ε − + = + + . 
 
Equations for functions 0 0.f g,  First we are to solve equations for functions 0 0f g,  (see two first 
equations in (3)). Summing and subtracting these two equations 
 0 0 0 0
d a d a
i g im f i f im g
dr r dr r
       ε + = − , ε − = + ,       
       
  (4)
we produce 
 0 0 0 0( ) ( )
d a d a
F i m G G i m F
dr r dr r
   + = ε + , − = ε − ,   
   
where the notations 0 0 0 0 0 0F f g G f g= + , = −  are used. From (4), we derive two 2nd order equations






m F l a
dr r
 +









m G l a
dr r
 − ′− + ε − = = − .  
 
 (5)
In the variable 2 2x m r= ε −  they read 
 
2 2
0 02 2 2 2
( 1) ( 1)
1 ( ) 0, 1 ( ) 0
d l l d l l
F x G x
dx x dx x
   ′ ′+ +
+ − = + − = .      
   
let it be 
 0 0 0 0( ) ( ) ( ) ( )l lF x a x Z x G x b x Z x′= , = ,




1 ( 1 2)
1 0 1 2 1l ll
l
Z Z l j pZ
x x
+ /




1 ( 1 2)
1 0 1 2 1.l ll
l
Z Z l j pZ
x x
′ ′′
− / ′+ + − = , + / = = −′









′′ ′+ + − = .  
 
Thus, functions 0F  and 0G  relate to Bessel functions.
The first-order equations (4) for functions 0 0 ,F G,  after transforming them to the variable x will 
take the form 
 0 01 1
0 0
1
p p p p
d p m b d p m a
Z i Z Z i Z
dx x m a dx x m b
− −
ε + − ε −      + = , − = .      ε − ε +      
 (6)
Due to the known equations 
 1 1 0p p p p
d p d pZ Z Z Z
dx z dx z
− +
   + = , − = − = ,   
   
from (6) we find a relative coefficient between the quantities 0a  and 0b : 
 0 0m b i m aε + = − ε − .
Equations for functions if  and ig . Now, we turn to 6 equations from (3)
 1 1 3 3 3 1
d b d b
i f i g m g i g i f m f
dr r dr r
   ε + + = , ε − − = ,   
   
 
 2 1 2 2 3 2
2 2d a d a
i f i g m i g i g i f m i f
dr r r dr r r
       ε + + = − , ε − − = + ,       
       
 
 3 2 3 1 1 2 1 3
2 2d b d b
i f i g i g m g i g i f i f m f
dr r r dr r r
   ε + + + = , ε − − − = .   
   
 (7)
It is convenient to employ the following variables 
 1 3 1 1 3 1 2 2 2 2 2 2 3 1 3 3 1 3f g F f g G f g F f g G f g F f g G+ = , − = , + = , − = , + = , − = .
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Summing and subtracting equations (7) within each pair, we produce 
 1 1 3 1 1 3( ) ( )
d b d b
G i m F G F i m G F
dr r dr r
+ − ε = + , − + ε = − ;  
 2 2 3 2 2 3
2 2( ) ( )d a d aG i m F G F i m G F
dr r r dr r r
   − + − ε = + , + − + ε = − ;   
   
 
 3 2 3 1 3 2 3 1
2 2( ) ( )d b d bG G i m F G F F i m G F
dr r r dr r r
− + − ε = + , + − + ε = − .








0 0 / ( ) 0 0
0 / 2 / 0 ( ) 0
/ 2 / 0 0 0 ( )
( ) 0 0 0 0
0 ( ) 0 0 / 2 /
0 0 ( ) / 2 / 0
b r i m
F F
a r r i m
F F
b r r i m
F Fd
b
G Gdr i m
r
G G
i m a r r
G G
i m b r r
− + ε
− − + ε





or more shortly 
 
0 0
( ) ( ) 0 2
2 0
b
d A d A
F i m G G i m F A a
dr r dr r
b
   + = + ε , − = − − ε , = .   
   
Applying the exclusion method, we derive equations for 1 2 3( )F F F F= , ,  and 1 2 3( )G G G G= , ,  
 
2
2 2 2 2 2
2( ) ( ) .
d
F A A F G A A G r m
dr
 
∆ = + , ∆ = − , ∆ = + ε −  
 







( ) 0 0
0 0
F SF F STS F STS− −
λ








( ) 0 0
0 0
G SG G S T G S TS S− −
′λ
′ ′ ′ ′= , ∆ = , = .′ ′ ′λ
′λ




0 0 0 1 22 2
( 1)
0 1 2 j
d j j
m F j j F a f
dr r
+ /






0 0 0 1 22 2
( 1)
0 1 2 j
d j j
m G j j G b f
dr r
− /






1 1 21 12 2
( 1)
0 1 2 j
d j j
m j j a fF F
dr r
− /
 ′ ′ + ′+ ε − − = , = − / , = ;  
 
 




1 1 21 12 2
( 1)
0 1 2 j
d j j
m j j b fG G
dr r
+ /





2 3 22 22 2
( 1)
0 3 2 j
d j j
m j j a fF F
dr r
+ /






2 3 22 22 2
( 1)
0 3 2 j
d j j
m j j b fG G
dr r
− /






3 1 23 32 2
( 1)
0 1 2 j
d j j
m j j a fF F
dr r
− /






3 1 23 32 2
( 1)
0 1 2 j
d j j
m j j b fG G
dr r
+ /
 ′ ′ + ′+ ε − − = , = + / , = .  
 
They have similar mathematical structure, and all may be reduced to Bessel’s type. 
It should be emphasized that parameters 1 2 3a a a, ,  and 1 2 3b b b, ,  cannot be considered as indepen-
dent, because there exists the first-order differential equation which relates F and G:
 ( )d A F i m G
dr r
 + = + ε ; 
 
whence with the formulas 1F S F−=  and  1G S G′−=  in mind, we derive 
 
1
1( )d SAS F i m SS G
dr r
−
−  ′+ = + ε .  
 
We have found the matrices 1SAS −  and 1SS −′ , this makes possible to obtain linear constraints
 1 1 3 2
1 3 2 (2 1) 2 2 2
4( 1) 1 2
m j




   
   
ε − + /
= + − + ,
ε + + − /
 
 3 1 3 2
1 3 2 (2 1) 2 (2 1)
4( 1) 1 2
m j




   
   
ε − + /
= + − − + ,
ε + + − /













Two independent solutions. With the use of the properties of Bessel functions, all differential equa-
tions have been transformed to algebraic form, so in total we have 4 independent algebraic constraints 
 1 3 0 1 3 02 1 2 2 2 3 2a a j b b b j a− = − − / , − = + + / , 
 0 1 2 3( 3 2) 2 ( 3 2)( 1 2) 2 (2 1) 02
i a j a j j a j a
Γ
− + / + + / − / + + = ,
α
 
 0 1 2 3( 1 2) 2 ( 3 2)( 1 2) 2 (2 1) 0;i b j b j j b j b
Γ




1 14( 1) 2 1 4 3 2
2
mb i ma j j j jε + = − ε − , = + − , = − + / .
α β
Two first relations in (9) permit us to exclude the parameters 0a  and 0b : 
 10 1 3 0 3
2 1 1
3 2 3 2 1 2 2 1 2
a
a b b b a
j j j j
= − , = − + ,
+ / + / − / − /
 (10)
 Доклады Национальной академии наук Беларуси. 2019. Т. 63, № 3. С. 282–290 289
so from (9) we get
 1 3 1 2 3
1
( 2 ) ( 3 2) 2 ( 3 2)( 1 2) 2 (2 1) 0
2 3 2
i b b j a j j a j a
j
Γ
− − + / + + / − / + + = ,
α + /
 
 31 1 2 3
1
( 1 2) 2 ( 3 2)( 1 2) 2 (2 1) 0.
1 2 2
a
i a j b j j b j b
j
Γ  
− + + − / − + / − / − + = β − /  
 (11)
In turn, taking into account 0 0ma i mbε − = ε +  from (10) we derive 
 31 3 1( 2 )
3 2 1 2 2
m i m a
b b a
j j
ε − ε +  
− = − + . + / − /  
This identity permits us to transform equations (11) to the form, when the first equation includes only ,ia  
and the second one contains only ib : 
 3 31 1 2
4 ( 1) 3 3 1
(2 1) 0
2 2 22 2
j a a
a j a j j j a
m
ε +       − − + + + + + − = ,     ε −      
 
 3 31 1 2
4 1 3 1
(2 1) 0
2 2 22 2
j b b
b j b j j j b
m
ε       − − − + + + + − = ;     ε +      
 (12)
note that 0 0a b,  may be found from (10). The general structure of two equations (12) is 
 1 1 2 2 3 3 1 1 2 2 3 30 0.A a A a A a B b B b B b+ + = , + + =
We are to fix two independent solutions of the main linear constraint for coefficients .ia  In this way ob-
tain two independent solutions of the equations for spin 3/2 particle, evidently there exist many possibil-
ities for that choosing. By simplicity reason, let us take the following solutions:
 (1) (1) (1)2 31 2 3(1) 0 0a A a A a, = ⇒ + = ⇒ 
 2(1) (1) (1)3 2 2
3
( ) ( 1 2)( 3 2)
2
4( 1) (2 1)( )
m j jA
a a a
A j j m
ε − − / + /
= − = − ;
+ ε + + ε −
 (2) (2) (2)2 13 2 1(2) 0 0a A a A a, = ⇒ + = ⇒ 
 2(2) (2) (2)1 2 2
1
( ) ( 1 2)( 3 2)
4( 1) ( 3 2)( )
m j jA
a a a
A j j m
ε − − / + /
= − = − .
+ ε − + / ε −
To simplify the above expression, we may set 
 (1) (2)2 2
1 1
.
( ) ( 1 2)( 3 2) ( ) ( 1 2)( 3 2)
a a
m j j m j j
= , =
ε − − / + / ε − − / + /
Corresponding sets of parameters (1)ib  and 
(2)
ib  may be found with the help of relations (8). It is readily 
verified that the second constraint 1 1 2 2 3 3 0B b B b B b+ + =  turns to be identity 0 = 0 for both solution (1) 
and (2).
Conclusions. The wave equation for a spin 3/2 particle is solved in spherical coordinates.. Solutions 
of the radial equations are constructed in the form of linear combinations of Bessel functions. With the 
use of the known properties of Bessel function, the system of differential equations is transformed to the 
purely algebraic equations with respect to three quantities 1 2 3.a a a, ,  Its solutions may be chosen in vari-
ous ways as solutions of the simple linear constraint 1 1 2 2 3 3 0,A a A a A a+ + =  where coefficients iA  are 
expressed trough the quantum numbers. Two most simple and symmetric sets are found, (1)ia  and 
(2) .ia  
Thus, at fixed quantum numbers { }j m Pε, , ,  there exists double-degeneration of the quantum states. Ex-
plicit form of the operator associated with such degeneration has been not found. 
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